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I. INTRODUCTION
Baker introduced the notion of somewhat open set in topological space in 2016 and used it to

characterize somewhat continuity and contra — somewhat continuity. Throughout this paper, (X , z')
and (Y, 0') (or simply, X and Y ) denote topological spaces on which no separation axioms are

assumed unless explicitly stated. For a subset A of a space (X , z'), Cl (A), Int(A) and X -A

denote the closure of A,the interior of A and the complement of Ain X, respectively. Now we

bring up with the new concepts of somewhat — compact, somewhat — Lindelof, Countably somewhat
— compact and somewhat connected spaces and investigate several properties and characterizations
for these concepts.

II. PRELIMINARIES

DEFINITION 2.1. A subset U of a space X is said to be somewhat open if U = @ or if there exist
xe U and an open subset V such that xe V ¢ U. A set is called somewhat closed if its complement
is somewhat open.

Obviously somewhat open sets are closed under arbitrary union but, as we see in the following
example, not closed under intersection. The set of all somewhat open sets in a topological space
(X,7) is denoted by SW(X,t). Clearly T<SW(X,t). Also any set containing a nonempty
somewhat open set is somewhat open. Semi-open implies somewhat open and the closure of a
preopen set is somewhat open.

EXAMPLE 2.2. Let X = {a, b, ¢} have the topology T = {X, @, {a}, {b}, {a, b}}. The sets {a, ¢} and
{b, c} are somewhat open, but, since {c} is not somewhat open, somewhat open sets are not closed
under intersection.

DEFINITION 2.3. Let A be a subset of a space X. The somewhat closure of A, denoted by

swCl(A), is given by swCl(A)=I {F:F is somewhat closed and A c F}and the somewhat
interior of A, denoted by swInt(A), is given by swInt(A)=U{U c A : U is somewhat open}.

The following properties of the closure and interior operators for somewhat open sets are stated for
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completeness. They are special cases of properties of operators defined for minimal structures by
Popa and Noiri [36].

THEOREM 2.4. The following statements hold for a subset A of a space X:
(a) swInt(X-A)=X-swCl(A).
(b) swCl(X-A)=X-swint(A).
(c) swCl(A) is somewhat closed.
(d) A is somewhat closed if and only if swCl(A) =A.

(e) swCl(A)={xe X:for every somewhat open subset U containing x, UL A #¢}.

THEOREM 2.5. Let A be a subset of a space X. Then swCl(A)=X if A is dense in X, and

swCl(A) = A if A is not dense in X.

PROOF: Assume A is dense in X. Let x € X and let U be a somewhat open set containing x. Then
there exists a nonempty open set V such that x € V € U. Since A is dense in X, AT V #¢. Then

AT U # ¢ and hence x € swCI(A), which shows that swCI(A) = X. Assume A is not dense in X. Let
x € X such that xg CI(A). Then there exists an open set U such that x € U and UI A =¢. Thus
xeUc (X —A), which proves that X — A is somewhat open and that A is somewhat closed. Thus
swCl(A)=A.

COROLLARY 2.6. Let A be a subset of a space X. Then swint(A) = A if X — A is not dense in X,
and swint(A) = @ if X — A is dense in X.

THEOREM 2.7. Let f :(X ,‘C)—)(Y,G) be a function. Then the following statements are

equivalent:
(a) f is somewhat continuous.

(b) For every open subset V of Y, f~"(V) is somewhat open.
(c) For every closed subset F of Y, f~'(F) is somewhat closed.
(d) For every x € X and every open subset V of Y containing f (x) there exists a somewhat open

set U of X containing x such that f (U ) cV.

DEFINITION 2.8. Let (X, 1) and (Y, o) be two topological spaces. A function
f: (X ,T)—)(Y ,0) is called somewhat irresolute if f~' (V) is somewhat closed in (X, 1) for
every somewhat closed set V of (Y, o).

DEFINITION 2.9. Let (X, 1) and (Y, o) be two topological spaces. A function
f :(X ,‘C)—)(Y,O') is called strongly somewhat continuous if the inverse image of every
somewhat closed in Y is closed in X.

DEFINITION 2.10. Let (X, 1) and (Y, o) be two topological spaces. A function
f :(X ,T)—)(Y ,0) is called perfectly somewhat continuous if the inverse image of every
somewhat closed set in Y is both closed and open set in X.
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III. SOMEWHAT COMPACTNESS
DEFINITION 3.1. A collection {Ai tie I} of somewhat open sets in a topological space (X,'t:)) is

called a somewhat-open cover of a subset B of X if B QU{Ai iie I} holds.

DEFINITION 3.2. A topological space (X,'t:) is somewhat compact if every somewhat open cover of
X has a finite subcover.

DEFINITION 3.3. A subset B of a topological space (X,'c) is said to be somewhat compact relative
to (X,’c) if, for every collection {Ai tlie I} of somewhat open subsets of X such that
B cU{A, :ie I} there exists a finite subset I, of I such that B U{A, :ie I,}.

DEFINITION 3.4. A subset B of a topological space (X,'c) is said to be somewhat compact if B is

somewhat compact as a subspace of X.

THEOREM 3.5. Every somewhat compact space is compact.
PROOF. Let {A,:ie I} be an open cover of (X,t). Since TcSW(X,t). So {A;:iel} isa

somewhat open cover of (X,‘t:). Since (X,'c) is somewhat compact. So somewhat open cover
{Ai lie I} of (X,'c) has a finite subcover say {Ai :i=1,2,...,n} for X. Hence (X,'t:) is a

somewhat compact space.

THEOREM 3.6. Every somewhat closed subset of a somewhat compact space is somewhat compact
relative to X.

PROOF. Let A be a somewhat closed subset of a topological space (X,’c). Then A =X-A is
somewhat open in (X,'c). Let 'y={Ai lie I} be a somewhat open cover of A by somewhat open
subsets in (X,‘t). Let 'y*={Ai tie I}U{AC} be a somewhat open cover of (X,'c). That is
X=Uy = (U{Ai tie I})U A€. By hypothesis (X,'c) is somewhat compact and hence 7y is
reducible to a finite sub cover of (X,T) say X= A, UA U.LUA U AS, A; €v. But A and A°
are disjoint. Hence Ac A; UA; U..UA, , A; € y. Thus a somewhat open cover y of A contains

a finite subcover. Hence A is somewhat compact relative to (X,'c) .

THEOREM 3.7 A somewhat continuous image of a somewhat compact space is compact.

PROOF. Let f: (X ,t)—)(Y ,0') be a somewhat continuous map from a somewhat compact
space X onto a topological space Y. Let {Ai tie I} be an open cover of Y. Then f™ ({Ai tiel })
is a somewhat open cover of X, as f is somewhat continuous. Since X is somewhat compact, the
somewhat open cover of X, f‘l({Ai tie I}) has a finite sub cover say {f‘l(Ai):i=1,2,...,n} .
Therefore X = U{f‘l(Ai) 1= 1,2,...,n} , which implies f(X)= U{Ai = 1,2,...,n}, then
Y= U{Ai i =1,2,...,n}. That is {Ai HES 1,2,...,n} is a finite sub cover of {Ai lie I} for Y. Hence

Y is compact.
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THEOREM 3.8. If a map f: (X,t)—)(Y,O') is somewhat - irresolute and a subset S of X is
somewhat compact relative to (X, 1), then the image f (S) is somewhat compact relative to (Y, o).
PROOF. Let {A lie I} be a collection of somewhat open cover of (Y, ¢ ), such that
f(S)cU{A, :ieI}. Then ScU{f lEI}, where {f teI}cSW(X,'c). Since
S is somewhat compact relative to (X, 1), there exists a finite subcollection {AI,AZ,...,A,,} such that
S gU{f‘1(Ai):i=1,2,...,n}. That is f(S)gU{A1,A2,...,An}. Hence f(S) is somewhat

compact relative to (Y, o).

THEOREM 3.9. If a map f :(X ,T)—)(Y,G) is strongly somewhat continuous map from a

compact space (X, 1) onto a topological space (Y, o), then (Y, o) is somewhat compact.
PROOF. Let {Ai tie I} be a somewhat open cover of (Y, o). Since f 1is strongly somewhat

continuous, { f " A.) riel } is an open cover of (X, t). Again, since (X, 1) is compact, the open
cover { f ciel } of (X, 1) has a finite sub cover say { f ):i=1,2,...,n}. Therefore
X= U{f‘1 (i=1,2,.. }, which  implies f( )=U{Ai ci= 1,2,...,n}, so that

Y =U{Ai di= 1, 2,...,n}. That is A, A,,...,A, is a finite sub cover of {Ai lie I} for (Y, o). Hence
(Y, o) is somewhat compact.

THEOREM 3.10. If a map f :(X ,T)—)(Y,G) is perfectly somewhat continuous map from a
compact space (X, 1) onto a topological space (Y, o), then (Y, o) is somewhat compact.
PROOF. Let {Ai tie I} be a somewhat open cover of (Y, o). Since f is perfectly somewhat

continuous, { f ‘1 A.) ciel } is an open cover of (X, t). Again, since (X T) is compact, the open
cover { f ciel } of (X, 1) has a finite sub cover say { f i=1,2,.. } Therefore
X = U{f‘1 (i=1,2,.. }, which  implies f =U{Ai i =1, 2,...,n}, so  that
Y =U{Ai 2 =1,2,...,n}. That is {A1,A2,...,A”} is a finite sub cover of {Ai lie I} for (Y, o).

Hence (Y, o) is somewhat compact.

THEOREM 3.11. Let f: (X ,T)—)(Y,O') be somewhat irresolute map from somewhat compact
space (X, 1) onto topological space (Y, o), then (Y, 6) is somewhat compact.
PROOF. Let f : (X ,t)—)(Y,O') be somewhat irresolute map from a somewhat compact space

(X, 1) onto a topological space (Y, o). Let {Ai lie I} be a somewhat open cover of (Y, o). Then
{ f '1 riel } is a somewhat open open cover of (X, 1), since f is somewhat irresolute. As
(X ,'c) is somewhat compact, the somewhat open cover { a A.) riel } of (X, 1) has a finite
subcover say { f '1(Ai) (i=1,2,.., } Therefore X = U{ f '1 (i=1,2,.. }, which implies
f(X) =U{Ai :i=1,2,...,n}, so that Y =U{Ai 2 =1,2,...,n}. That is {A1,A2,...,An} is a finite

sub cover of {Ai tie I} for (Y, o). Hence (Y, o) is somewhat compact.
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THEOREM 3.12. If (X ,1:) is compact and every somewhat closed set in X is also cloed in X, then
(X,7) is somewhat compact.

PROOF. Let {A, :ie I} be a somewhat open cover of X. Since every somewhat closed set in X is
also closed in X. Thus clearly {Ai tie I} is also an open cover of X. Since (X ,1:) is compact. So
there exists a finite subcover {Ai ri=1, 2,...,n} of {Ai tie I} such that X =U{Ai 1i=12, ,n}
Hence (X, 1) is a somewhat compact space.

THEOREM 3.13. A topological space (X, 1) is somewhat compact if and only if every family of
somewhat closed sets of (X, t) having finite intersection property has a nonempty intersection.

PROOF. Suppose (X, 1) is somewhat compact. Let {Ai lie I} be a family of somewhat closed sets
with finite intersection property. Suppose I {Ai tlie I} =0, then X—(I {Ai lie I})= X. This
implies U{(X-A,):ieI}=X. Thus the cover {(X—A,):ieI} is a somewhat open cover of
(X,t). Then, the somewhat open cover {(X—Ai) tie I} has a finite sub cover say
{(X - Ai) 1i=1,2, ...,n} . This implies X= U{(X - Ai) 1i=1,2, ...,n} which  implies
X=X-1I {Ai ii= 1,2,...,n}, which implies X-X= [I {Ai ii= 1,2,...,n}:| which implies
o=I {Ai ti= 1,2,...,n}. This disproves the assumption. Hence I {Ai ti= 1,2,...,n} #0.

Conversely suppose (X, T ) is not somewhat compact. Then there exits a somewhat open cover of
(X, t) say {Gi tlie I} having no finite subcover. This implies that for any finite sub family

{G,:i=1,2,..,n} of {G,:iel}, we have U{G,:i=12,..,n}#X, which implies
X—(U{Gi ti= 1,2,...,n}) #X-X, therefore I {Gi ii= 1,2,...,n} #¢. Then the family
{X—Gi lie I} of somewhat closed sets has a finite intersection property. Also by assumption
I {X-G,;:i=12,..,n}#¢  which  implies X- (U{Gi ti= 1,2,...,n}) #¢0, so that
U{G,:i=1,2,..,n}# X. This implies {G, :ie I} is not a cover of (X, ). This disproves the fact
that {Gi iie I} is a cover for (X, t). Therefore a somewhat open cover {Gi tie I} of (X, 7) has a

finite subcover {Gi ii= 1,2,...,n}. Hence (X, 1) is somewhat compact.

THEOREM 3.14. Let A be a somewhat compact set relative to a topological space X and B be a
somewhat closed subset of X. Then AN B is somewhat compact relative to X.

PROOF. Let A be somewhat compact relative to X. Suppose that {Ai tlie I} is a cover of AN B by
somewhat open sets in X. Then {Ai tie I}U {BC} is a cover of A by somewhat open sets in X, but
A is somewhat compact relative to X, so there exist i;l,,.,i, such that
A Q(U{Aij :j=1,2,...,n})U BC. Then AI B gU{UAijI B :j=1,2,...,n} ;U{Aij :j=1,2,...,n}.

Hence AN B is somewhat compact relative to X.

THEOREM 3.15. If a function f :(X,t)——(Y,0) is somewhat irresolute and a subset of X is

somewhat compact relative to X, then f (B) is somewhat compact relative to Y.
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PROOF. Let {A, :ie I} be a cover of f(B) by somewhat open subsets of Y. Since f is somewhat
irresolute. Then { f ‘1(Ai):ie 1 } is a cover of B by somewhat open subsets of X. Since B is
somewhat compact relative to X, { f (Ai) ciel } has a finite subcover say
{f‘1(A1),f’1(A2),...,f'1(A" )} for B. Now {Ai :i =1,2,...,n} is a finite subcover of {Ai lie I}
for f (B ) So f (B) is somewhat compact relative to Y.

IV.  COUNTABLY SOMEWHAT COMPACTNESS
In this section, we concentrate on the concept of countably somewhat compactness and their
properties.

DEFINITION 4.1. A topological space (X, 1) is said to be countably somewhat compact if every
countable somewhat open cover of X has a finite subcover.
THEOREM 4.2. If (X, 1) is a countably somewhat compact space, then (X, 1) is countably compact.

PROOF. Let (X, 1) be countably somewhat compact space. Let {Ai tie I} be a countable open
cover of (X, 7). Since T SW(X,‘C). So {Ai lie I} is a countable somewhat open cover of (X, 1).
Since (X, 1) is countably somewhat compact, countable somewhat open cover {Ai lie I} of (X, 1)

has a finite subcover say {Ai ti= 1,2,...,n} for X. Hence (X, 1) is a countably compact space.

THEOREM 4.2. If (X, 7) is countably compact and every somewhat closed subset of X is closed in
X, then (X, 1) is countably somewhat compact.

PROOF. Let (X, 1) be countably compact space. Let {Ai lie I} be a countable somewhat open
cover of (X, 1). Since every somewhat closed subset of X is closed in X. Thus every somewhat open
set in X is open in X, Therefore {Ai lie I} is a countable open cover of (X, t ). Since (X, 1) is

countably compact, countable open cover {Ai tie I} of (X, 1) has a finite sub cover say

{Ai ti= 1,2,...,n} for X. Hence (X, 1) is a countably somewhat compact space.

THEOREM 4.3. Every somewhat compact space is countably somewhat compact.
PROOF. Let (X, t) be somewhat compact space. Let {Ai tie I} be a countable somewhat open

cover of (X, ). Since (X, 1) is somewhat compact, somewhat pen cover {Ai iie I} of (X, 1)hasa

finite subcover say {Ai i =1,2,...,n} for (X, 1). Hence (X, 7) is a countably somewhat compact

space.

THEOREM 4.4. Let f : (X ,‘c)—)(Y,G) be a somewhat continuous injective mapping. If X is
countably somewhat compact space, then (Y, o) is countably compact.

PROOF. Let f: (X ,T)—)(Y,O') be a somewhat continuous map from a countably somewhat
compact (X, t) onto a topological space (Y, o). Let {Ai tie I} be a countable open cover of Y. Then

{ ! (Ai) ciel } is a countable somewhat open cover of X, as f is somewhat continuous. Since X

is countably somewhat compact, the countable somewhat open cover { f (A ) riel } of X has a

i

finite sub cover say {f‘1(Ai) di= 1,2,...,n}. Therefore X =U{f‘1(A ) i= 1,2,...,n}, which

i
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implies f(X)=U{4, :i=12,..,n}, then Y =U{4, :i=1,2,..,n}. Thatis {4, :i=1,2,..,n} isa

finite subcover of {Ai tie I} for Y. Hence Y is countably compact.

THEOREM 4.5. If a map f :(X ,T)—)(Y,o) is perfectly somewhat continuous map from a

countably compact space (X, t) onto a topological space (Y, o), then (Y, 6) is countably somewhat
compact.

PROOF. Let {Ai tie I} be a countable somewhat open cover of (Y, o). Since f is perfectly
somewhat continuous, { r7(4):iel } is a countable open cover of (X, 7). Again, since (X, T) is
countably compact, the countable open cover { f '1(Ai) riel } of (X, 1) has a finite subcover say
{f‘1 (Ai): i= 1,2,...,n}. Therefore X =U{f‘1(Ai) di= 1,2,...,n}, which implies
f(X) =U{Ai 3 =1,2,...,n}, so that Y =U{Ai 2 =1,2,...,n}. That is {A1,A2,...,An} is a finite

subcover of {A,; :ie I} for (Y, o). Hence (Y, o) is countably somewhat compact.

THEOREM 4.6. If a map f :(X ,’C)—)(Y,G) is strongly somewhat continuous map from a

countably compact space (X, t) onto a topological space (Y, o), then (Y, o) is countably somewhat
compact.

PROOF. Let {Ai lie I} be a countable somewhat open cover of (Y, o ). Since f is strongly
somewhat continuous, { f '1(Ai) ciel } is a countable open cover of (X, ). Again, since (X, 1) is
countably compact, the countable open cover { f '1(Ai) riel } of (X, 1) has a finite sub cover
say {f‘1 (Al.) =1, 2,...,n}. Therefore X =U{f‘1 (Ai) i=1, 2,...,n}, which  implies
f(X) =U{Ai 3 =1,2,...,n}, so that Y =U{Ai 3 =1,2,...,n}. That is {A1,A2,...,An} is a finite

subcover of {Ai tie I} for (Y, o). Hence (Y,0) is countably somewhat compact.

Theorem 4.7. The image of a countably somewhat compact space under a somewhat irresolute map
is countably somewhat compact.

PROOF. If a map f :(X,t)——(Y,0) is somewhat irresolute map from a countably somewhat
compact space (X, t) onto a topological space (Y, ¢ ). Let {Ai tie I} be a countable somewhat open

cover of (Y, o). Then { f '1(Ai) viel } is a countable somewhat open cover of (X, 1), since f is

somewhat irresolute. As (X, 1) is countably somewhat compact, the countable somewhat open cover
{f‘1(Ai) rie I} of (X, 1) has a finite subcover say {f‘1 (Ai): i=1, 2,...,n}. Therefore

X =U{f‘1(Ai) = 1,2,...,n}, which  implies f (X) =U{Ai di= 1,2,...,n}, so that
Y =U{Ai :i=1,2,...,n}. That is {A1,A2,...,An} is a finite subcover of {Ai tie I} for (Y, o).

Hence (Y, o) is countably somewhat compact.
V.  SOMEWHAT LINDELOF SPACE
In this section, we concentrate on the concept of somewhat Lindelof space and their properties.

DEFINITION 5.1. A topological space (X, t) is said to be somewhat Lindelof space if every
somewhat open cover of X has a countable subcover.
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THEOREM 5.2. Every somewhat Lindelof space is Lindelof space.

PROOF. Let {A, :ie I} be an open cover of (X, 7). Since T SW(X,t). Therefore {A,:ie I} isa
somewhat open cover of (X, t). Since (X, 1) is somewhat Lindelof space, somewhat open cover
{Ai iie I} of (X, 1) has a countable subcover say {Ai tie ) } for X, for some countable subset J of
I. Hence (X, 1) is a Lindelof space.

THEOREM 5.3. If (X, 1) is Lindelof space and every somewhat closed subset of X is closed in X,
then (X, t) is somewhat Lindelof space.

PROOF. Let {Ai tie I} be a somewhat open cover of (X, 1). Since every somewhat closed subset of
X is closed in X. So every somewhat open set in X is open in X. Therefore {Ai tie I} is an open
cover of (X, t). Since (X, 1) is compact, open cover {Ai tie I} of (X, 1) has a countable subcover

say {Ai tie ] } for X, for some countable subset J of 1. Hence (X, 1) is a somewhat Lindelof space.

THEOREM 5.4. Every somewhat compact space is somewhat Lindelof space.
PROOF. Let {Ai iie I} be a somewhat open cover of (X, 1). Since (X, 1) is somewhat compact

space. Then {Ai iie I} has a finite subcover say {Ai ii= 1,2,...,n}. Since every finite subcover is

always countable subcover and therefore {Ai :i=1,2,...,n} is countable subcover of {Ai lie I}.

Hence (X, 1) is somewhat Lindelof space.

THEOREM 5.5. A somewhat continuous image of a somewhat Lindelof space is Lindelof space.
PROOF. Let f :(X ,T)—)(Y,G) be a somewhat continuous map from a somewhat Lindelof

space X onto a topological space Y. Let {Ai tie I} be an open cover of Y. Then { f (Ai) ciel }
is a somewhat open cover of X, as f is somewhat continuous. Since X is somewhat Lindelof space,

the somewhat open cover { f "(Ai):ie 1 } of X has a countable subcover say
{f‘1 (Ai ) si=1, 2,3,....}. Therefore X =U{f‘1 (Ai) =1, 2,3,....}, which implies
f(X)=U{4,:i=123,..}, then Y=U{4:i=123,..}. That is {A,A,,A,,..} is a

countable subcover of {Ai tie I} for Y. Hence Y is Lindelof space.

THEOREM 5.6. The image of a somewhat Lindelof space under a somewhat irresolute map is
somewhat Lindelof space.

PROOF. Let a map f :(X,T)—>(Y,0) be somewhat irresolute map from a somewhat Lindelof
space (X, 1) onto a topological space (Y, o). Let {Ai tie I} be a somewhat open cover of (Y, o).
Then { f '1(Ai) riel } is a somewhat open cover of (X, t). Since f is somewhat irresolute. As

(X ,1:) is somewhat Lindelof space, the somewhat open cover { f '1(Ai) riel } of (X, 1) has a

countable subcover say { f (Al.”) :ne N } Therefore X =U{ f (A.

2

"):ne N}, which implies
X=U{f‘1(Ai"):ne N}, thenf(X):U{Ain:ne N}, so that Y=U{Ai":ne N}. That is

{Ai" :ne N } is a countable subcover of {Ai tie I} for (Y, o). Hence (Y, o) is somewhat Lindelof

space.
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THEOREM 5.7. If (X ,‘c)is somewhat Lindelof space and countably somewhat compact space, then

(X, 1) is somewhat compact space.
PROOF. Suppose (X, 1) is somewhat Lindelof space and countably somewhat compact space. Let

{A, :ie I} be a somewhat open cover of (X, 7). Since (X, 1) is somewhat Lindelof space {A, :ie I}

has a countable sub cover say {Ain ‘ne N}, therefore {Ain ‘ne N}, is a countable subcover of

(X,t) and {Ain:ne N}, is a subfamily of {A;:ieI} and so {A.

_ine N} is a countable
somewhat open cover of (X, t). Again, since (X, 1) is countably somewhat compact, {Ain ‘ne N}
has a finite subcover and say {Aik 'k =1,2,...,n}. Therefore {Aik :k=1,2,...,n} is a finite sub

cover of {Ai tie I} for (X, 1). Hence (X, 1) is somewhat compact space.

THEOREM 5.8. If a function f : (X ,T)—)(Y,G) is somewhat irresolute and a subset of X is
somewhat Lindelof relative to X, then f (B) is somewhat Lindelof relative to Y.

PROOF. Let {Ai tie I} be a cover of f (B) by somewhat open subsets of Y. Then
{ r7(4):iel } is a cover of B by somewhat open subsets of X. Since B is somewhat Lindelof
relative to X, {f‘1(Ai) fie I} has a countable subcover say {f‘1(A1),f’1(Az),f'1 (A3),....} for

B. Now {A,,A,,A,,....} is a countable sub cover of {A, :ie I} for f(B). So f(B) is somewhat
Lindelof relative to Y.

VI. SOMEWHAT CONNECTEDNESS

DEFINITION 6.1. A topological space (X, p) is said to be somewhat Connected if X cannot be
written as a disjoint union of two nonempty somewhat open sets. A subset of (X, p) is somewhat
connected if it is somewhat connected as a subspace.

THEOREM 6.2. Every somewhat connected space is connected.

PROOF. Let A and B be two nonempty disjoint proper open sets in X. Since every open set is
somewhat open set. Therefore A and B are nonempty disjoint proper somewhat open sets in X and X
is somewhat connected space. Therefore X # AU B. Therefore X is connected.

EXAMPLE 6.3. Let X ={a, b, c} and 1 = {X, ¢, {a}}. Then it is somewhat connected.

REMARK 6.4. The converse of the above theorem need not be true in general, which follows from
the following example.

EXAMPLE 6.5. Let X = {a, b, c} and T = {X, ¢, {a}, {b}, {a, b}}. Clearly (X, 7) is connected. The
somewhat open sets of X are given by SW(X,’C)= {X, o, {b, c}, {a, ¢}, {a, b}, {b}, {a}}.

Therefore (X, 1) is not a somewhat connected space, since X = {b, c}U{a} where {b, c} and {a} are
nonempty somewhat open sets.

THEOREM 6.6. For a topological space (X, 1) the following are equivalent
(1) (X, 1) is somewhat connected.
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(i1) The only subsets of (X, t) which are both somewhat open and somewhat closed are the empty set
X and ¢.

(iii) Each somewhat continuous map of (X, t) into a discrete space (Y, 6) with at least two points is
a constant map.
PROOF. (1)=(2) Let G be a somewhat open and somewhat closed subset of (X, t). Then X —G is

also both somewhat open and somewhat closed. Then X =GU(X —G) is a disjoint union of two

nonempty somewhat open sets which contradicts the fact that (X, t) is somewhat connected. Hence
G=0porG=X.

(2)=(1) Suppose that X = AU B where A and B are disjoint nonempty somewhat open subsets of
(X, 1). Since A =X — B, then A is both somewhat open and somewhat closed. By assumption A = ¢

or A =X, which is a contradiction. Hence (X, t) is somewhat connected.
2)=>@3) Let f: (X ,T)—)(Y,G) be a somewhat continuous map, where (Y, o) is discrete space

with at least two points. Then f ( y) is somewhat closed and somewhat open for each ye Y. That
is (X, 1) is covered by somewhat closed and somewhat open covering { f ‘1( y): ye€ Y}. By
assumption, f~' (y) =¢or f (y) =X foreachye Y. If f~ (y) =¢ foreachy € Y, then f fails
to be a map. Therefore their exists at least one point say f~' ( y*) #0, y €Y such that

f (y* ) = X. This shows that f is a constant map.

(3)=(2) Let G be both somewhat open and somewhat closed in (X, ). Suppose G #¢. Let
f: (X,t)—)(Y,O') be a somewhat continuous map defined by f(G) ={a} and
f (X —G) ={b} where a #b and a, b € Y. By assumption, f is constant so G = X.

THEOREM 6.7. Let f :(X ,’C)—)(Y ,0) be a somewhat continuous surjection and (X, 7) is
somewhat connected. Then (Y, o) is connected .

PROOF. Suppose (Y, o) is not connected. Let Y = AU B, where A and B are disjoint nonempty open
subsets in (Y, 6). Since f is somewhat continuous, X = f "(A)U f '1(B ), where f ’1(A) and

f (B) are disjoint nonempty somewhat open subsets in (X, t). This disproves the fact that (X, t) is

somewhat connected. Hence (Y, o) is connected.

THEOREM 6.8. If f :(X ,’C)—)(Y ,0) is a somewhat irresolute surjection and X is somewhat

connected, then Y is somewhat connected.
PROOF. Suppose that Y is not somewhat connected. Let Y = AUB, where A and B are nonempty

somewhat open sets in Y. Since f is somewhat irresolute and onto, X = f~ (A)U ! (B), where

f (A) and f (B) are disjoint nonempty somewhat open sets in (X, 1). This contradicts the fact

that (X, 1) is somewhat connected. Hence (Y, ) is somewhat connected.

THEOREM 6.9. Suppose that every somewhat closed set in X is closed in X and X is connected.
Then X is somewhat connected.

PROOF. Suppose that X is connected. Then X cannot be expressed as disjoint union of two
nonempty proper open subset of X. Suppose X is not somewhat connected space. Let A and B be any
two nonempty somewhat open subsets of X such that X = AU B, where ANB = ¢ and Ac X,
B c X. Since every somewhat closed set in X is closed in X. So every somewhat open set in X is
open in X. Hence A, B are open subsets of X, which contradicts that X is connected. Therefore X is
somewhat connected.
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THEOREM 6.10. If the somewhat open sets C and D form a separation of X and if Y is somewhat
connected subspace of X, then Y lies entirely within C or D.

PROOF. By hypothesis C and D are both somewhat open in X. The sets CNY and DNY are
somewhat open in Y, these two sets are disjoint and their union is Y. If they were both nonempty,
they would constitute a separation of Y. Therefore, one of them is empty. Hence Y must lie entirely
in Cor D.

THEOREM 6.11. Let A be a somewhat connected subspace of X. If A c B < swCl (A), then B is
also somewhat connected.
PROOF. Let A be somewhat connected. Let A c B < swCl (A) Suppose that B = CUD is a

separation of B by somewhat open sets. Thus by previous theorem above A must lie entirely in C or
D. Suppose that A c C, then swCl(A) c swCl (C) Since swCl (C) and D are disjoint, B cannot

intersect D. This disproves the fact that D is non empty subset of B. So D =¢ which implies B is
somewhat connected.
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